Relations between photon orbits and thermodynamical phase transitions are explored in BornInfeld-dilaton-AdS black hole. The coupling between the electromagnetic field and the dialton field is chosen such that the full phase diagram contains zeroth-order and first-order phase transitions as well as RPT. We find that there exist non-monotonic beahviors of the photon orbit radius rps and the minimum impact parameter ups which signal the existence of the various phase transitions. In particular, the marginal value of pressure under which RPT occur can be read off from these behaviors. Along the co-existing lines, there are changes of both rps and ups, whose dependence on the transition temperature show characteristic behaviors signalling the existence of RPT. Moreover, the critical exponents of ∆rps and ∆ups are found to take a universal value 1 2
I. INTRODUCTION
In the past decades, black hole (BH) thermodynamics has attracted lots of attention [1, 2] . By combing gravity and quantum mechanics semi-classically, it provides us new insights into the yet unsolved quantum gravity problem as well as indicating a possible deep connection between black hole physics and other areas of fields via the AdS/CFT [3] [4] [5] . It is found that not only do BHs have Hawking temperature and Hawking-Bekenstein entropy, they also posses rich phase structures analogous to ordinary thermodynamic systems [6, 7] . In the extended phase space where the negative cosmological constant is considered as thermodynamic pressure, BHs exhibit phase transitions which in may respects similar to various chemical phenomena of ordinary thermodynamic systems, such as solid-liquid phase transition [8] , liquidgas transition of van der Waals fluid [9] [10] [11] [12] , triple points [13] , reentrant phase transition (RPT) [14, 15] , heat engines [16] and etc, and thus is sometimes referred as BH chemistry [8, 17, 18] . For more details, please refer to a most recent review [19] and references therein.
Although experimental evidences of the BH thermodynamics have not been found yet, it is expected that BH phase transitions should have some observational signatures, such as quasinormal modes (QNMs), which may be detected from astronomical observations in the future. In fact, it is interesting to find that QNMs indeed will exhibit characteristic behaviors along the BH phase transitions and thus can be used as a dynamical probe to investigate the transitions [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . For example, in Ref. [28] , the authors pointed out that there is a dramatic change of the slope of QNMs along with the BH phase transition. These results imply a close connection between the dynamical and thermodynamical aspects of BHs. * lhaitang@zjut.edu.cn † chenyong@zjut.edu.cn ‡ sjzhang84@hotmail.com
On the other hand, it has been known for many years that QNMs are intimately linked to the existence of unstable photon orbits [35] [36] [37] , with the latter playing an important role in strong gravitational phenomena, such as the shadow, lensing as well as gravitational waves [38] [39] [40] [41] [42] [43] [44] [45] [46] . Roughly, QNMs can be seen as the vibration frequencies of the photon orbits and thus can be derived using the properties of the photon orbits [47] . Based on these observations, it is then natural to link the photon orbits and BH phase transitions and to see if properties of photon orbits can signal the BH phase transitions.
Early in Refs. [48, 49] ,, the authors pointed out that the presence of photon orbits signals a possible YorkHawking-Page type phase transition. Recently, in Ref. [50] , the authors make the relations more clearly. In this work, d-dimensional Reissner-Nordstrom-AdS (RNAdS) BH is considered where there exists a first-order van der Waals (vdW)-like phase transition between large black hole (LBH) and small black hole (SBH) for the pressure P under the critical value P c . By studying the behaviors of the photon orbit radius r ps and the minimum impact parameter u ps along with the temperature, they found that the two quantities both exhibit non-monotonic behaviors for P < P c signalling the existence of phase transition. Moreover, along with the phase transition, there are changes of both r ps and u ps which vanish at the critical point, thus implying that the two quantities can serve as order parameters for the vdW-like phase transition. In particular, these changes have an universal exponent 1 2 near the critical point. Later, the study is extended to other black holes and gravity theories, for example rotating case [51] , Gauss-Bonnet case [52] , massive gravity case [53] and Born-Infeld case [54] , which confirm the relations further. See also Ref. [55] for a general proof of the existence of these relations.
In this work, we would like to extend this study to Born-Infeld-dilaton-AdS (BIDAdS) black hole [56] [57] [58] [59] [60] . The motivation to choose such kind of BH is that BIDAdS BH has rather rich phase structures which depends on the coupling constant α between the electromagnetic field and dilaton field. For α in a certain range, the full phase diagram will contain three types of phase arXiv:1908.09570v1 [hep-th] 26 Aug 2019 transitions depending on the pressure: zeroth-order and first-order LBH-SBH phase transitions as well as RPT. So, it will be an ideal background to check and improve the above mentioned relations between photon orbits and phase transitions. In particular, we would like to see if the photon orbit radius and the minimum impact parameter can be used to distinguish different types of phase transitions.
The work is organized as follows. In Sec. II, phase transitions in Born-Infeld-dilaton BH are reviewed. In Sec. III, relations between photon orbits and various phase transitions are discussed. The last section is devoted to summary and discussions.
II. PHASE TRANSITIONS IN BORN-INFELD-DILATON BLACK HOLE
We consider the following four-dimensional BornInfled-dilaton black hole [56] [57] [58] [59] [60] 
with
Here 2 F 1 is the hypergeometric function, and γ ≡ 
From the metric, it is easy to obtain the Hawking temperature and Bekenstein-Hawking entropy of the BH
where r + is the outmost horizon radius and η + ≡ η r=r+ .
In extended phase space, the cosmological constant is considered as the thermodynamical pressure with the precise relation in our case as
As α → 0, it reduces to the standard one P = − Λ 8π . In terms of the Hawking temperature (4), it can be cast into a form of equation of state as
We will work in canonical ensemble where Q and β are fixed and the Gibbs free energy is defined as
By studying the behaviour of the Gibbs free energy versus the temperature for fixed pressure, the phase structure and transitions of the system can be depicted which have been studied thoroughly in Refs. [56] [57] [58] 61] . The full P − T phase diagram is rather diverse depending on the set of free parameters (q, α, β, b). Following Ref. [61] , we fix q = 0.2, b = 1 and β = 2 to study the effect of α on the phase diagram. It should be noted that α < 1 to ensure the positivity of the Hawking temperature. Depending on the value of α, there may be zeroth-order or firstorder phase transition or RPT. In this work, we will take α = 0.1 when the phase diagram is richest. In Fig. 1 , the isobaric curves in T −r + plane are plotted for various pressure. The critical point is determined by ∂ r+ P (r + , T ) T =Tc,r+=r+c = ∂ 2 r+ P (r + , T ) T =Tc,r+=r+c = 0 and is (T c , P c ) = (0.2279, 0.0916). From the figure, one can see that when P < P c , each curve can be divided into at most four branches, out of which two are stable ( large black hole (LBH) and small black hole (SBH) both with ∂T ∂r+ > 0) while the rest are unstable ( ∂T ∂r+ < 0). There may be phase transitions between LBH and SBH which can be determined by comparing their Gibbs free energy. The full phase diagram contains a zeroth-order and firstorder phase transition as well as RPT, as depicted in Fig.  2 . From the figure, one can see that there are three types of phase transitions depending on the pressure: When P ∈ (P f , P c ), there is a zeroth-order LBH-SBH phase transition; When P ∈ (P z , P f ), the transition becomes first-order; When P ∈ (P t , P z ), a LBH-SBH-LBH RPT appears with LBH-SBH transition being first-order and SBH-LBH zeroth-order; When P > P c or P < P t , no phase transition occurs. 
III. PHOTON ORBITS AND ITS RELATION WITH PHASE TRANSITIONS A. Photon orbits
In this section, we are going to discuss the relationship between photon orbits and the above mentioned thermodynamical phase transitions. Considering a free particle orbiting around the black hole on the equatorial hyperplane with θ = π 2 . The reduced metric on the geodesic is
Then the Lagrangian governing the motion of the particle is
where dot means derivative with respect to some affine parameter of the geodesic. For the BIDAdS BH spacetime, the geodesic admits two integral constants E and L associated with the two Killing vectors ∂ t and ∂ φ , where E and L are the energy and orbital angular momentum of the particle respectively. From the Lagrangian, we can obtain the canonical momentum of the particle
from which one can geṫ
Using the normalization condition g µνẋ µẋν = −δ 2 , where δ 2 = 0 for null geodesics and δ 2 = 1 for timelike geodesics, we can obtain the equation of motion along the radial direction which takes a form aṡ
where the effective potential V eff is As a function of r, the effective potential V eff depends on parameters (L, Λ, m) (or (L, P, r + ) or (L, P, T ) equivalently). As a simple example, we show the behaviour of the photon's effective potential (δ = 0) with E = 1 for various L in Fig. 3. (P, T ) are chosen to be close to the critical point (T c , P c ). From the figure, one can see that for each curve there exists a peak V max eff at r = r max which increases as L is increased. Due to the constrainṫ r 2 ≥ 0, the photon would be confined to a certain range in the r-direction where the effective potential satisfies V eff ≤ 0. So, an ingoing photon from infinity will fall into the black hole inevitably if V max eff < 0 while bounce back if V max eff > 0. For a critical angular momentum L = L ps , V max eff = 0 and an interesting thing happens: the ingoing photon will lose both their radial velocity and acceleration at r = r max completely and then circles the black hole due to its non-vanishing transverse velocity. Thus, in this case r = r max is called the photon orbit and henceforth we denote it as r = r ps , which is determined by the following conditions
Of course this photon orbit is unstable as ∂ 2 r V eff L=Lps,r=rps < 0 (it is a local maximum point of the effective potential). Substituting the expression of the effective potential (13), these conditions becomes
2 (rR (r) + R(r)) f (r) − rR(r)f (r) r=rps = 0, (16) where u ps is called the minimum impact parameter or the critical angular momentum. From the second equation, the photon sphere radius r ps can be obtained which depends on values of (P, r + ), then the minimum impact parameter u ps is determined by the first equation. At the critical point (P = P c = 0.0916, r + = r +c = 0.4245), we can get (r ps = r psc = 0.7663, u ps = u psc = 0.8724). In the following discussions, we set E = 1 for convenience.
B. Relations between photon orbits and phase transitions
Now let us explore the relations between the photon orbits and phase transitions.
In Fig. 4 , Hawking temperature T versus the photon orbit radius r ps for various temperature is plotted. From the figure, one can see that isobaric T − r ps curves exhibit similar behaviours as T − r + curves in Fig 1. When P > P c , T − r ps curve have only one local minimum point, and thus for a given temperature there only exist one stable branch so that no phase transition can occur; When P = P c , it has one reflection point corresponding to the critical point. When P < P c , two local minimum points appear which means that in a certain range of temperature there are two stable branches, corresponding to LBH and SBH respectively, so that there may be LBH-SBH phase transitions. We denote the two local minimum points as (r ps1 , T m1 ) and (r ps2 , T m2 ) with r ps2 > r ps1 . From the figure, one can see that as P is decreased, both T m1 and T m2 decrease but T m2 decreases faster than T m1 . There exists a marginal value P z such that for P < P z , T m2 < T m1 indicating a possible RPT. However, it should be noted that other marginal values P f , P t and transition temperatures as well as order of phase transitions can not be read off merely from T − r ps or T − r + curves. To get these information, we should ask help of the Gibbs free energy. We also plot the isobaric T −u ps curves in Fig. 5 , which show similar behaviours as T − r ps and T − r + curves.
So, in summary, behaviours of the photon orbit along with the temperature can give us some qualitative information about the phase transitions.
C. Critical behaviour of photon orbits
From Figs. 1-5, we know that when P t < P < P c , there is phase transition between LBH and SBH and the transition may be zeroth-order or first-order or RPT depending on the pressure. Moreover, along the coexisting line, the photon orbit radius r ps will experience a jump. Namely, for a fixed pressure, at the transition temperature, there are two photon orbit radii r L ps and r S ps corresponding to LBH and SBH respectively. The situation is the same for the minimum impact parameter. From the figures, one can see that ∆r ps and ∆u ps have similar behaviours. They both are monotonically decreasing functions of the transition temperature T HP in the range T HP ∈ (T z , T c ), while they become double-valued functions of T HP in the range T HP ∈ (T t , T z ) which is reminiscent of RPT. At the critical point, they both vanish. These results imply r ps and u ps may be used as order parameters to describe phase transitions including the RPT.
It is interesting to explore the critical exponents of ∆r ps and ∆u ps . Following Refs. [50] , by fitting the numerical data with function
it is found that (a ≈ 3.6374, δ ≈ 0.5208) for ∆r ps and (a ≈ 1.3242, δ ≈ 0.5047) for ∆u ps . So, the critical exponent δ is found to be universal and around 1 2 .
IV. CONCLUSION
In this work, in the BIDAdS black hole, we explore the relations between photon orbits and various types of phase transitions. The main results are: (1) As shown in Figs. 4 and 5, T − r ps and T − u ps exhibit non-monotonic behaviors which are similar to T − r + , thus signalling the existence of LBH-SBH phase transitions. In particular, the marginal value of pressure P z under which RPT occur can be read off from the behavior of either T − r ps or T − u ps curves. (2) As shown in Figs. 6 and 7, along the coexisting lines, there will be changes of r ps and u ps . Moreover, the two changes are both monotonically decreasing function of the transition temperature T HP in the range T HP ∈ (T z , T c ), while they become doublevalued functions of T HP in the range T HP ∈ (T t , T z ) which is reminiscent of RPT. And at the critical point, they both vanish. (3) By fitting the changes of r ps and u ps near the critical point (See Eq. (17)), the critical exponents are found to be universal and around Combing these results, we confirm the conclusion of Refs. [50, 51] that there is a close relation between photon orbits and phase transitions, and the photon orbit radius and the minimum impact parameter can be used as order parameters to describe BH phase transitions. Nevertheless, we should point out zeroth-order and first-order phase transitions can not be distinguished with photon orbits alone.
